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Abstract 

We study kinks in a wide class of noncommutative (NC) field theories. We find 
rich structure of the static kinks in DBI type NC tachyon action for an unstable Dp- 
brane with general constant open string metric and NC parameter. Among which 
thick topological BPS NC kink and tensionless half-kink are particularly intriguing. 
Reproduction of the correct decent relation between Dp and D(p—1) lets us interpret 
the obtained NC kinks as co dimension-one D-brane and its composites. If we turn 
on DBI type NC U(l) gauge field on an unstable D2-brane, only constant field 
strength is allowed by gauge equation and NC Bianchi identity. Inclusion of the NC 
U(l) gauge field induces fundamental string charge localized on the codimension-one 
brane, which turns D(p — 1) into D(p — 1)F1. 
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1 Introduction 



Dynamics of an unstable D-brane or D-brane-anti-D-brane in string theory has attracted 
much attention PQ. Instability of such system is represented by tachyonic degree and 
its dynamics is depicted by condensation of the tachyon field and related phenomena. 
Recently real-time description of the homogeneous tachyon condensation has been made 
by finding rolling tachyon solutions in both boundary conformal field theory (BCFT) 
and effective field theory (EFT) [21 E] ■ When the tachyon is condensed, the list of ques- 
tions involves dynamical description of decaying processes including inhomogeneity jlj 
and the formation of final products after the unstable D-brane decays. For the latter 
question, either perturbative degrees namely closed string degrees are produced |H] 
or nonperturbative lower-dimensional branes are formed, in which the important objects 
are stable co dimension-one D-branes or their composites including confined fundamental 
string (Fl) 00IE1- 

Tachyon dynamics has been studied by using both various string theoretic methods 
including BCFT, open string field theory, boundary string field theory (BSFT), c = 1 
matrix model, and effective field theoretic languages including EFT, noncommutative field 
theory (NCFT), p-adic string theory. When constant Neveu-Schwarz (NS) antisymmetric 
two- form field exists, an effective description of string theory is to employ the NCFT . 
Naturally dynamics of the unstable D-brane by using noncommutative (NC) tachyon 
condensation has also been an attractive topic from the beginning [TU1 ITT] IT2*] . On the 
production of lower- dimensional branes, studies are mostly about codimension-two objects 
since Gopakumar-Minwalla-Strominger (GMS) solitons ^3] and their analogues ^3] are 
basic solitonic objects for the analysis. These provide a good description of D(p — 2)s from 
DpDp system, however another representative example is production of stable D(p — 1)- 
branes from an unstable Dp-brane with or without both NS two-form field and Dirac- 
Born-Infeld (DBI) type electromagnetism. Though there have been many studies on both 
NC rolling tachyon [15J and codimension-one branes in terms of EFT jSJ El El El E| 
and BCFT [8], an NCFT study was recently performed for DOs from an unstable Dl 
without and with DBI electric field |2()j . 

In this paper we study domain walls and tachyon kinks in general NCFT settings and 
a DBI type NCFT including NC tachyon field. In section 2, we consider NCFT actions 
of a real NC scalar field with usual kinetic and polynomial type potential terms, and 
find all possible NC domain wall configurations where many of them are given by exact 
solutions. Extensions to the action with nonpolynomial scalar potential and an EFT 
from p-adic string theory are also briefly discussed. In section 3, (p + l)-dimensional DBI 
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type NC tachyon action in the background of general constant open string metric and 
NC parameter with runaway tachyon potential is taken into account. All possible regular 
static codimension-one solitons are obtained, which are classified by array of NC kink- 
antikink, single topological NC kink which are either BPS or non-BPS due to open string 
metric, tensionless NC half-kink, NC bounce, and hybrid of two NC half-kinks. Since 
the decent relation between tension of p-brane and (p — l)-brane is correctly reproduced, 
the obtained kinks are interpreted as D(p — l)-branes and their composites. In section 
4, we turn on DBI type NC U(l) gauge field on a D2-brane in the background of open 
string metric and NC parameter. Though the analysis is complicated, every electric and 
magnetic component of the NC field strength tensor on the D2-brane is proved to be 
constant. The obtained NC tachyon kink configurations have the same functional shapes 
as those in section 3, but their interpretation leads to D(p — 1)F1 and their composites, 
where Fls are localized in D(p — 1). We conclude in section 5 with brief summary and 
discussion. 



2 Domain Walls in NC Scalar Field Theory 

Let us begin this section with a well-known local field theory action of a real scalar field 
(f) in (l+l)-dimensions 

(2.1) 

where the scalar potential V{4>) has at least two stable vacua, say {(pi \ dV/dcj)]^^ = 
0, (PV/dcfPl^fc > 0, i — 1,2, ... }, with vanishing cosmological constant V(0i) = 0. It is 
also well-known that this model (|2.1|) supports static topological kinks (domain walls) as 
classical solutions. Here we briefly review how to obtain them. 

Momentum density T i vanishes for static configurations = 0(x), and then pressure 
component T 11 is rewritten as 

T n = 1(4/- y/2Vtf)) (V + y/2Vtf)) , (2.2) 

where = d<p/dx. A definition of Bogomol'nyi bound is given by vanishing pressure 
everywhere, which provides a first-order equation so-called BPS equation 

<j)' = ±y/2V((f>) . (2.3) 

For any static configuration satisfying the BPS equation ()2.3|) saturates BPS bound, i.e., 
energy has minimum value bounded by topological charge 

POO 

H = dxT 00 (2.4) 



Si 



EFT2 



dtdx 



--d^(j) - V((f>) 



3 



dx 



-oo 
oo 



/ 2 + v{4>) 



> ±[g(0(oo))-g(0(-oo))], 



(2.5) 

(2.6) 
(2.7) 



where Q' = a/217 0' and 0(±oo) is one of 0jS. The equality in the last line ()2.7|) holds 
for any BPS object, and the difference corresponds to topological charge of a kink or an 
antikink in order of the signature in front of the formula ()2.7j) . Because of this nature, 
any static solution satisfying first-order BPS equation ()2.3j) also satisfies second-order 
Euler-Lagrange equation automatically, which can be derived through small variation of 
the energy H (J23J. 

Simplest model is given by 4 -potential 



A 



(2.8) 



with degenerate superselective vacua of i = 1,2 at 0, = ±v. Substituting the scalar 
potential ()2.8|) into the BPS equation (|2.3j) with boundary conditions, we obtain exact 
kink (antikink) solution 



<p(x) 



± tanh 



~^\ x ~ x o) 



(2.9) 



where mn = V\v is Higgs mass and an integration constant Xq is a zero mode. The energy 
density Too of a kink (antikink) is localized near its location xq with thickness 1 /mn 

A 



oo 



— v 4 sech 4 



lV2 { 



x ) 



[2.10) 



and its energy given by the topological charge ()2.7j) is 

|g(0(oo))-g(0(-oo))| = ^t; 3 . 

Now let us consider corresponding NCFT of an NC scalar field 
action as 



5, 



NC2 



dtdx 



+ 



where star product between two NC fields, / and g, is defined by 



\ 9 » 



f(x) * g(x) 



(2.11) 

We easily read its 
(2.12) 

(2.13) 



In Eq. (I2.12J) we have used the property that one star product can be replaced by an 
ordinary product in the action due to spacetime volume integration. In this simplest 
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NCFT, star products in the quartic interaction term are the only difference between the 
ordinary action (j2.1j) and NCFT action (j2.12|) . In general this noncommutativity, a way 
of introducing nonlocality, plays a key role for complex but attractive phenomena. At 
tree level co dimension-two solitons are supported, so-called GMS solitons [T3], and at 
loop level UV/IR- mixing was found j2Ij. We are interested in co dimension-one extended 
objects given by classical soliton solutions of Euler-Lagrange equations. One can easily 
notice that, in the NC action (j2.12|) . noncommutativity appears only in the form of 0*0. 
For any static object with = 0(x), every star product is simply replaced by ordinary 
product in the NC action <f57T2j> 

0(x) * 4>{x) = e ^ 01 ^ d y- d ^4>(x + O0(x + C)| f _ c _ o = 2 Or), (2.14) 

and so does in equations of motion for the NC scalar field. Therefore, with identification 
of = 0, the procedure performed in ordinary scalar field theory can be repeated in the 
exactly same way [TH] . 

A point-like kink on a linear sample can be understood as a straight stringy object 
on a planar sample, a flat domain wall in a three-dimensional bulk, and so on. Mathe- 
matically it is nothing but introduction of flat transverse directions of which coordinates 
are expressed by y al s (a = 1,2,...). As a first extension let us consider one transverse 
direction y so that our spacetime is (2+l)-dimensional, depicted by (t,x,y). A straight 
stringy object of our interest requires again only x-dependence of the NC scalar field as 
= 0(x). Though two more exponential type derivative terms between two NC fields, 

e \e ty dtd y and e i6 xv d x d y ^ ^.IS) 

appear multiplicatively in * 0, each exponential becomes trivially unity due to the 
assumption for the static and straight kink dt<f>(x) = d y (j)(x) = 0. It means that addition 
of one flat transverse direction does not affect the replacement procedure from NCFT to 
ordinary field theory, 0(x) * 0(x) = 2 (x). Any generalization to this direction is trivial, 
i.e., inclusion of more flat transverse directions expressed by (yi,y2, ■■•) does not change 
the replacement 0(x) * 0(x) =^> 2 (x) in Eq. (|2.14j) . For the kinks, extension to higher 
polynomial interaction term * * • ■ ■ * =^ n is also trivial in any spatial dimensions 
as far as our static domain wall is flat. 

Let us look into a possibility to identify the obtained codimension-one BPS kink with 
a stable D(p — l)-brane. Since tension of the D(p — l)-brane is given by the energy (or 
equivalently the topological charge) of the kink (j2.11|) . T p ^i = |Q(0(oo)) — Q(0(— oo))|, 
and constant vacuum energy of the action (j2.1|) at the unstable vacuum defines tension 
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of the unstable Dp-brane 



T p = V(<P = 0) = jv\ (2.16) 



one can read a sort of decent relation 

V, = ^r p . (2,7, 

Since the correct decent relation [22] is read as T p -\ = nRTp with R = y/2 for superstring 
theory in our unit and the square of tachyonic pion mass rr& near the symmetric vacuum 
(p = is 777.0 = —777.^ = —1/R 2 , the obtained decent relation ()2.17|) involves about 20% 
difference in its coefficient, i.e., (^p )/tt = 1.20. 

Let us conclude this section by introducing decent relations obtained from a few effec- 
tive field theory models of tachyon dynamics for unstable bosonic D-branes. First example 
is i = oo field theory model with nonpolynomial potential 

S = T P J d p+l x (-Ae^d^d^ - e-£j. (2.18) 



Note that this tachyon effective action was proposed in Ref. [23J and can be understood 
as two- derivative truncation of BSFT [21]. Its NC version was also considered in Ref. J2| 
with NC U(l) gauge field. By estimating mass of a tachyon kink connecting T = — oo 
and T = oo, we obtain a decent relation T p -\ = (2/ \/tt)tiRT p [2E]- Since string theory 
result requires unity instead of 2/y/ir, it involves 12.8% difference. Second example is 
^-dimensional p-adic string theory described by a nonlocal action 

^^/^H* 48 *^^ 1 )' (219) 

where G s is open string coupling constant and p is an arbitrary prime number which is 
related with tension of the p-adic string (2na p )~ 1 = (hip) -1 . According to Ref. 
decent relation between g-brane and (q — l)-brane is read as 



T rl = \j 2 * P p f^ P % ^ ^TpT q = 2^ p T q (2.20) 

which reproduces an exact decent relation in bosonic string theory for self-dual radius 
-Ksd — y a P - 

In this section we have shown that flat co dimension-one static configurations repre- 
sented by kinks in ordinary field theory of a real scalar field are identified by the NC kink 
solutions of NCFT of a real NC scalar field. 
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3 Tachyon Kinks in NC Tachyon Field Theory 



Single flat unstable Dp-brane exists in string theory where p is odd for type IIA string 
theory and even for IIB. Its instability is represented by a real tachyonic degree, and 
effective action of the tachyon field T is claimed to be DBI type [27] 

S = -^r / <P +l x V{T)J- det(r^ + + d,Td v T) , (3.1) 

0s(27T) 2 J V 

where flat Minkowski metric rj^ is the closed string metric of our interest, B^ u is NS- 
NS two- form field assumed to be constant, and string coupling g s is inversely proportional 
to tension of the Dp-brane as 

T P = —^EX- ( 3 - 2 ) 

The tachyon potential V(T) measures variable tension of the unstable D-brane, i.e., it 
can be any runaway potential connecting monotonically its maximum coinciding with the 
tension of Dp-brane and its minimum representing vanishing unstable Dp-brane. In our 
conventions, the potential obeys |22] 

V(T = 0) = 1 and V(T = ±oo) = 0. (3.3) 

When B pv is constant, it is formally equivalent with constant DBI type electromagnetic 
field strength Fp V on the Dp-brane. Since all the tachyon kink configurations supported by 
the aforementioned DBI type effective tachyon action (|3.1|) are obtained in the constant 
DBI type electromagnetic field [JJ ITH] . one can just read all the tachyon kinks in the 
background of constant NS-NS two-form field B^ u by replacing each F^ v component by 
that of B^ v . 

If we are interested in the kink configurations of codimension-one T = T(x) with 
constant background B^ u , the action (|3.1|) is then simplified as 

S = -T p J d p+1 x V(T)yJp p — a px T' 2 , (3.4) 

where a px is 11-component of the cofactor C^ u of matrix (X)^ = r)^ + B^ v + dyTd v T 
and P P = — det(r/ M ^ + B^ v ). Rescaling the ^-coordinate, 



x = X =, (3.5) 

V|cWA>| 



the action ()3.4j) becomes 



S = -T p ^j\a px \ l dt l dx l dy x - ■ ■ dy p -i V{T)\J f3 p /\j3 p \ - {a px /\a px \)T' 2 , (3.6) 
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where T' = dT/dx. Equation of motion is given by the conservation of x-component of 
pressure T 11 = a px {T p V/ a/— det(X)^ ), and it is rewritten by a first-order equation 

E p =±T a + U p (T), (3.7) 

where £ p = (3 p /2a px and U P (T) = a px [T p V(T)] 2 /2(T u ) 2 . Since the equation of motion 
(|3.7j) has three parameters ((3 P , a px , T 11 ), all the obtainable kink configurations are clas- 
sified by those. 

The signature of T 11 is the same as that of a px so signature of U p is also equal to a px . 
When a px is negative, U p becomes upside down and has minimum value a px T 2 / '2(T n ) 2 
at T = and maximum value at T = ±oo due to the runaway nature of the tachyon 
potential ()3.3j) . Note that, for p — 1, a px should always be nonnegative. As f3 p decreases, 
we have (i) constant solution T = for [3 P = a 2 x T 2 /(T n ) 2 , (ii) oscillating solution 
between —TrR^J—a px / (3 P and %R^/ —a px j (5 P for < (3 P < a 2 x T 2 / '(T 11 ) 2 , (iii) monotonic 
increasing (decreasing) solution connecting T = — oo and T = oo with T (±oo) = for 
f3 p = 0, and (iv) another monotonic increasing (decreasing) solution connecting T = — oo, 
and T = oo with T (±oo) ^ for (3 P < 0. When a px is positive, U p has maximum value 
a px T 2 /2(T 11 ) 2 at T = and minimum value at T = ±oo. As (3 P increases, we have 
(v) constant solution T = ±oo for f3 p = 0, (vi) convex-down (-up) solution connecting its 
minimum (maximum) and positive (negative) infinity for < (3 P < a 2 x T 2 /(T u ) 2 , (vii) 
monotonic increasing (decreasing) solution connecting T = and T = oo (— oo) with (viii) 
constant T = solution for (3 P = a 2 x T 2 /(T u ) 2 , and (ix) another monotonic increasing 
(decreasing) solution connecting T = — oo (oo) and T = oo (— oo). Except unstable and 
stable vacuum solutions at T = and T = ±oo, the obtained solutions are interpreted as 
array of kink-antikink for (ii), topological kinks for (iii) and (iv), bounce for (vi), half- kink 
for (vii), and hybrid of two half- kinks for (ix). When a px =0, there exists no nontrivial 
solution. 

Here let us assume a specific tachyon potential satisfying Eq. (|3.3|) 2SJ I2H1 ISO] 

V(T) = 1 (3.8) 
cosh 

where R is \/2 for the non-BPS D-brane in the superstring and 2 for the bosonic string. 
This form of the potential has been derived in open string theory by taking into account 
the fluctuations around |S-brane configuration with the higher derivatives neglected, i.e., 
d 2 T = d 3 T = ■■■ = |SI]. 

For the 1/ cosh-potential ()3.8|) the tachyon equation ()3.7|) is solved and we obtain exact 
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kink solutions [TH] , 



sinh 



T(x) 
R 



\Ju 2 + 1 sinh {x/Q for a px < 0, /5 P < 

ux/( for a p:r < 0, /3 P = 

v^^Isin (x/C) for < 0, < f3 p < a 2 px T 2 / (T 11 ) 2 

v / ^Icosh(x/C) for a px >0, < j3 p < a 2 x T 2 /(T u ) 2 

exp(x/C) for a px >0, (3 p = a 2 px T 2 / (T 11 ) 2 



Vl — u 2 sinh (x/C) for a px > 0, (3 p >a px T 2 /(T 
where the scales in the solutions are 



11\2 



(iv) 

(iii) 

(ii) 
(vi) 

(vii) 

fix) 



u 



T 2 a 2 

p ^px 



U\2 



( = R\ 



a 



px 



lip 



(3.9) 



(3.10) 



Computation of tension and Fl charge leads to interpretation of D(p — l)-brane (and 
D(p — 1)F1) for single topological kink in (iii) and (iv), and array of D(p — l)DQo — 1) 
(and D(p — 1)F1-D(j9 — 1)F1) for array of kink-antikink in (ii), where Fl is confined on 
D(p — 1) in the form of string fluid. For (ii) and (iii), BCFT calculation confirms this 
interpretation [Hj. The functional form of last three solutions in Eq. ()3.9j) coincide with 
exact rolling tachyon solutions E2] • This can be explained by the signatures in the 
rescaled action (|3.6J) . i.e., /3 p /\/3 p \ = 1 and a px /\a px \ = 1 for those solutions, which coincide 
with those in the action for the rolling tachyons. 

In relation with BPS nature, single topological kink (iii) saturates BPS type bound 
with thickness for T 11 ^ but each kink (antikink) in the array (iv) becomes a BPS object 
only when its thickness vanishes (T 11 — > 0). In what follows let us study codimension-one 
tachyon solitons in NC DBI type action. 

From the action ()3.1)1 . the flat closed string metric r]^ and the NS-NS two-form field 
B^v are replaced by open string metric G^ v and noncommutativity parameter 9 



G 



6^ 



1 -B- 1 



B 



n 



B 



[IV 



(3.11) 
(3.12) 



where — det G^ v > 0. Once the tachyon field T is turned on in the effective action (|3.1j) . 
corresponding NC tachyon T should be introduced in the NC action. In Ref. [20], a 
candidate was proposed 



S 



X 



V{T) * 



det ; 



1 



Gp, + -(d li T*d v T + d v T*d l X) 



V) 
(3." 



3) 
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where comparison of two actions ()3.1|) and ()3.13|) with turning off both tachyon fields 
leads to a relation between the tensions 

1 



— = {-G)-^% 



where G = det(G Mi ,). The determinant with subscript * in the action ()3. 13|) denotes 

1 



(3.14) 



dot* ?( fin 



/p _|_ ^•jj e Mi/ i 2-"Mp+i e ^i^2'-'t , p+i^Mi iy i * X^ 2U2 * ■ ■ ■ * X^ p+lUp+1 . (3.15) 



The NC tachyon potential V(T) imitates properties of that in EFT, so that in general 
V(T) can have any functional form satisfying V(T = 0) = 1 and V(T = ±oo) = as 
given in Eq. (|3.3|) and the specific form of our interest is again 1 / cosh form: 



V(f) 



IT T 5 T T T T 

1 * 1 * — * — * h 

2R R 24R R R R 



E 2 k 






i 


(2k)\ 




* 


cosh(f/ J R) 



(3.16) 



where 



stands for 
A X A 2 ---A r 



— \A\ * A 2 * ■ ■ ■ * A n + Ax * A 3 * ■ ■ ■ * A r , 
n! V 

+ • • • (all possible permutations) ) . 



(3.17) 



Since the objects of our interest are flat static kink solutions given with a function of 
a coordinate 

f = f(x) (3.18) 

in the flat background with constant G^ and O^, every star product of two NC fields is 
always replaced by ordinary multiplication as 

f*f = f 2 , {d ll f)*f = 8,J a f, d ll f*d u f = 5 lll 5 vl f' 2 . (3.19) 

Substituting the formulae ()3.19|) into the action ()3.13|) . we obtain again a simplified 
action 

(3.20) 



S=-%j d p+1 x V(f) ^$ p -a px f a 



where (3 P = — det(G IJtu ) > and a px is 11-component of the cofactor C^ u of matrix 
(X)^ u = G pu + dfjTdyT. When (3 P is not zero, we can rewrite the action ()3.20|) as 



S = —%\ \a 



l px I 



dt dx dyi ■ ■ ■ dy p -i V(T) 



a 



px 



px I 



dT 

dx 



(3.21) 
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where 



x 




Note that the action (|3.2(J|) is formally the same as that in Eq. (|3.4j) with replacing 
the quantities without hat by those with hat, e.g., 

T p ^f p , T <-+T, V <r-> V, (3 P , a px a px . (3.22) 

Therefore, we can automatically read the equation of motion for static codimension-one 
objects as 

£p = ^f' 2 + U p (f), (3.23) 

4 = z^-, U p (f) = „ \fpV(f)] 2 . (3.24) 



where 



2(3 P {T 



Here we must caution that (T 11 ) 2 is replaced by (T 11 ) 2 /^. This is just because that the 
NC energy-momentum tensor in NCFT is defined under the open string metric G^: 

= (3.26) 

= (xG^ - GG^d x TG UK d K f) , (3.27) 

where X = detX^, Cg" is symmetric part of the cofactor C^, and x-component of 
conservation of NC energy-momentum tensor 

dftv" = (3.28) 

forces T 11 to be a constant. 

In order to compare classical NC tachyon kink solutions which will be obtained in 
the subsections in 3.1-3.6 and those in BCFT, we should compare components of energy- 
momentum tensor and string current density, i.e., they are T^ u vs. Tj^ FT and J Mi , vs. 
J^ FT - To be specific, the energy-momentum tensor T^ v and the string current density 
J^u are given by responses to small fluctuations of the background closed string metric 
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g^y and the anti-symmetric tensor field B pv : 
2 5S 



T, 



-9 Sg 



l 



5S 



Xg„ v + (g^ - B pX B VK ) -XG Ak - Gd x Td K T 



(3.29) 



-9 SB, 



Qliv—^iiv 



r p v 



(gG)V*V^X 



--XG» x B XK g™ + Gd»fd x TB XK g> 



{H «-> i/} 



(3.30) 



For the derivation of Eqs. ()3.29|) - ()3.30|) . we used 



5G 



- (g^\9uK - B^ X B UK ) 5g 
-\{5/g^B pv + 5 v x g^B p ,-{\ «-> «)) ^ 

and note that Eqs. (|3.29)) - (j3.3(Jj) coincide with those from commutative tachyon effective 
action [3 [TBI. 

The equation ()3.23|) derived from the simplified action ()3.20|) is consistent with the NC 
tachyon equation derived directly from the original NC action (|3.13|) . First observation 
is made by comparing the expressions in Eq. ()3.23|) with those in Eq. ()3.7|) : One is 



P 



P 



£ 



(3.31) 



with the help of Eq. (jH.lljl . and, the other is, when the NC tachyon field T(x) is identified 
by the tachyon field T(x) of EFT which results in V(T) = V(T), 



U P = U P 



(3.32) 



with the help of Eq. (|3.14|) . From Eq. ()3.26|) . we read the relation between T 11 and T 11 

y /ZGf 11 = T 11 , (3.33) 
and 



where we have used C 11 = C' 11 |f =0 and y — Xj — X = a/— det(r? + B)/ — det(G^ u ). It 
means that every kink solution obtained from the EFT given in the first half of this section 
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can also be a solution of the corresponding NCFT of the NC tachyon ()3.23|) as far as the 
aforementioned relations between Eq. ()3.3H) and Eq. ()3.32|) are satisfied. 

We do not need to recapitulate presenting species of the solutions here due to the 
aforementioned analysis between Eq. (|3.7|) and Eq. (|3.9|) . Instead we summarize the viable 
NC kink solutions in Table 1, specified by the value and signature of £ p and U P (T = 0). 
In particular, U P (T = 0) should be nonpositive for p — 1. Therefore, only the first three 
types of NC kinks in Table 1 are obtained from the unstable Dl-brane [2U|. On the other 
hand, U P (T = 0) can be arbitrary for p > 2 so that all the six types of NC kinks in Table 1 
can be obtained. 

If we naively look at the expressions of £ p and U p in Eq. ()3.24|) . signature of £ p and 
that of Up should be the same and equal to that of a px due to nonnegativity of /3 P , i.e., 
/3 P = —G = — det(G /ii/ ) = [— det(?7 + -B)] 2 > 0. If it is indeed the case, then the topological 
NC kink (iv) in the second low of Table 1 cannot be supported. This observation was made 
under the assumption that all the squared quantities in Eq. ()3.24j) are nonnegative. This 
needs not to be true for T p introduced in Eq. (j3.14|) . The condition we have is —G > 0, 
so imaginary {-G)- 1/A = l/A/det(l + rj~ l B) is not excluded. For this case, the tension 
T p is real positive and thereby T p (J3.14j) is imaginary. This phenomenon corresponds to 
electromagnetic fields larger than critical value with — det(r] + B) < in the EFT, and 
this situation is not allowed without the NC tachyon (T = 0) since the NC action ()3.20|) 
becomes imaginary. Once we turn on the NC tachyon for a positive a px corresponding 
to the case (iv), of our interest, the square root part of the NC action (|3.2(J|) provides 
additional imaginary number as follows 

yj$ p - a px f» = iyj \a px \f' 2 - J p , (3.34) 

and conclusively the NC action proportional to T P \J f3 p — a px T' 2 becomes real. Other 
physical quantities, e.g., the NC energy- momentum tensor ()3.26|) . are also real. Up to the 
present point, there is no reason to neglect the topological NC kink solution (iv). 
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U p (0) 


Op 


Type of NC kinks 


Exact solutions 




4 > o 


Topological NC kink 


(iv) 


U P (0) < 


4 = o 


Thick topological BPS NC kink 


(iii) 




£> p (0) < 4 < o 


Array of NC kink-antikink 


(ii) 




o < 4 < u p {o) 


NC bounce 


(vi) 


U P {0) > o 


4 = u P (o) 


NC half-kink 


(vii) 




4 > t)p(o) 


Hybrid of two NC half-kinks 


(ix) 



Table 1: List of regular static NC kink configurations. Functional form of exact NC kink 
solutions in the fourth column are read from Eq. ()3.9|) under the replacement (|3.22|) . 



From now on, let us take into account the 1/ cosh NC tachyon potential (|3.1fi|) and 
study detailed properties of the NC kinks, including computation of tension, and their 
various limits. In subsections 3.1-3.3, we consider the case of U p (0) < 0. As given in 
the upper half of Table 1, there exist three types of NC kink solutions of the equation of 
motion ()3.23j) . Then, in subsections 3.4-3.5, we consider the case of U p (0) > 0. As given 
in the lower half of Table 1, there exist three more types of extended objects from the 
equation of motion (j3.23|) . These three types of solutions cannot be obtained in the case 
p = 1 since the signature of U p cannot be flipped due to negativity of a\ x for the unstable 
Dl-brane j2Q]. 

3.1 Array of kink and antikink for U p (0) < S p < 

When U p (0) < S p < (f p 2 > & a px < 0), we find an exact solution of Eq. (j3.23j) 

sinh 

where 

u 2 

The NC tachyon field T(x) oscillates spatially between T max = i?cosh _1 u and — T max with 
finite period 2-kC,. Then the obtained configuration ()3.35|) is interpreted as an array of 
NC kink-antikink. If we consider half period of the configuration, which comprises single 



f{x) 
R 



1 sin ( — 

.c 



(3.35) 



T 2 a 2 

p px 



U\2 



P 2 p(f 



\ 



a 



px 



pp 



(3.36) 
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kink or single antikink, NC energy density of the kink (antikink) provides decent relation 
of the codimension-one object 

H /-fC 

dxV^GT\ (3.37) 



f dyt ■ ■ ■ dy p -i J*£ 



f p J P P u 2 / dx 



-c 



-|C l + (u 2 -l)sin 2 (a;/C) 
= nRT p ^-a px = TiRT p ^J-a px , (3.38) 

where we used the formula of NC energy- momentum tensor 1)3.27)1 for T° in Eq. (j3.37j) . 
and Eq. (|3.14|) and Eqs. (|3.31j) - (|3.32j) for the last line (|3.38|) . Since the factor y/—a px in 
Eq. ()3.38|) also appeared when Fl is confined on D(p — l)-brane in ordinary EFT 



7^_i = irRT p ^-a px , (3.39) 

we arrive at a conclusion that H / J dy\ ■ ■ ■ dy p -i is nothing but the tension of a unit NC 
kink, i.e., H/fdyi.--dy p - 1 = T p - 1 = (-0)^%^. 

The commutative limit 9^ v — > corresponds to vanishing limit (j3.12|) and then 
smoothly continues to Minkowski spacetime ([3. lip . Then — a px — /3 p — —a px — /3 p — 1 
and the decent relation without DBI type electromagnetic field is reproduced. 

In the limit T 11 — > CT, boundary value of the tachyon field T max approaches rapidly a 
true vacuum at infinity, limx' max -+oo V(T max ) — > 0, with keeping the half period tt( fixed, 
independent of the value of T 11 . Therefore, each kink (antikink) becomes a topological 
kink (antikink), and its NC energy density —y—G T° is sharply peaked at each localized 
point of a kink (antikink). The NC energy density profile for the configuration (j3.35j) is 
expressed by a sum of S-i unctions 

oo 

lim Hp = lim —y/—GT° Q = ttRT p ^J —a px \^ 5 (x — rniQ , (3.40) 

n=— oo 

so that each topological kink (antikink) in the array is a BPS-like object [T^. This singular 
limit of unit kink (antikink) with topological and BPS nature can universally be achieved 
for every tachyon potential satisfying Eq. ()3.3j) [TH] . 

In case of the array of kink and antikink, BCFT solution is already known in the 
presence of constant electric field jH]. Here let us compare the BCFT result and the 
NCFT solution. By inserting the solution ()3.35|) into the energy-momentum tensor ()3.29|) 
and the string current density ()3.3()|) . we obtain nonvanishing components of them 

To = TpV ; (l+f' 2 ) (3.41) 
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TpE2 ° cos 2 (vrA) + T p ^/G~ f(^/G~ x/R), 



Go 



T a b 
J 01 



Z. 



Vg + f' 2 



= cos 2 (7rA), 



/G 



-%y \/G + T' 2 5 ab 

l p v h,q /7 ~ ' 



-T p ^G f(^Gox/R)5 ab , 



COS {TTA), 



Vg + V 2 VGo~ 
where A is a parameter labelling the initial pressure Tu, f(x) is given by 

cos 2 (7rA) 



(3.42) 

(3.43) 
(3.44) 



f(VG x/R) 



cos 4 (7rA) + 1 + cos 2 (7rA) sin 2 (7rA) sin 2 [y/G^x/R) 



(3.45) 



and nonvanishing components of the open string metric G^ u and noncommutative param- 
eter 9^ u in this background are given by 



~~ Goo — Gil 
9 01 = -9 10 = 



1 — Eq — G , G a b — S a b ( a , b — 2,3, 

Eq set 



,P), 



E 2 



0. 



(3.46) 
(3.47) 



Since the BCFT results obtained through double Wick rotation [8] are for superstring 
theory 



T, 



BCFT 
00 



T F 2 

" ^ cos 2 (7rA) + r pV ^/(y^x) 



IG 







rpBCFT 
1 11 



M 



: COS 2 (7rA), 



T. 



BCFT 
ab 



701 

J BCFT 



-T p V G /( v G s)5 afe , 

.BC 
11 



TnBCFT 771 

— J- it 



where 



f(VG~ox) 



l + sin 2 (7rA) cos 2 (7rA) 



(3.48) 

(3.49) 

(3.50) 
(3.51) 

(3.52) 



T 



BCFT 
11 



111 



cos 4 (vrA) + 4 sin 2 (7rA) sin 2 (y/G^ x / ^2) ' 

When we identify the pressure component along the transverse direction Tu 
Eq. ()3.42|) and Eq. ()3.49|) with R = y/2, the string charge densities coincide exactly as 
in Eq. ()3.44j) and ()3.51|) . On the other hand, the energy densities (|3.41j) - (j3.48j) and the 
other nonvanishing pressure components ()3.43|) - ([3.5U|) are qualitatively agreed but do not 
match exactly due to difference between / f)3.45|) and / (|3.52p . For bosonic string theory 
this kind of relations also holds. 
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3.2 Topological BPS NC kink for U p (0) < and S p = 

When S p = (71 2 > & aw < 0), i.e., (3 P = 0, we find a regular monotonic solution with 



boundary conditions T(±oo) = ±(or =f)oo 

'f(x) 



sinh 



R 



±— x 



± 



c 



-a 



p.r 



ii . 



(3.53) 



and it is single topological kink for (±)-signature (antikink for (=p)-signature). Here we 



must note that the slope 



in the Eq. (j3.53J) is finite in the limit /3 P — > because 



11-component of NC energy-momentum tensor is expressed by 



T 



ii 



TpV&p 



P 



a T' 



The obtained solution ()3.53|) can also be reproduced from infinite period limit, lima ^ 2tt( 



\n+l 



(x/Q — nit 



for a given 



oo, at each kink site of the array ()3.35|) . i.e., sm(x/C) 
n. 

Since j3 p = 0, the action ()3.2()|) divided by negative time integral and transverse volume 
is easily computed 

S 



fdtfdyi--- dy v _ x 




iRTp^P 



'■px 1 



(3.54) 
(3.55) 



where +(— ) in the first line corresponds to the kink (antikink), and the specific potential 
f)3.8jl and the solution ()3.53|) were used in the third line ([3.55)1 . As expected, the same de- 
cent relation ()3.39|) is read and the obtained topological NC kink (antikink) is interpreted 
as a D(p - l)-brane of tension satisfying T v -\ = ixRTpyJ—o>p X as for each kink (antikink) 
in the previous subsection. To confirm let us compute its NC energy per unit transverse 
volume 



H 



Jdyi ■ --dyp-i 



/oo 
dxV^G(~f\ 
-oo 



Ip&px 



71 



JUl 

RT v \f- 



dx- 



■a 



px 



1 + 



H 2 (TH)2/3 P 



x- 



(3.56) 
(3.57) 
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Though existence of the thick topological NC kink is guaranteed for any runaway 
tachyon potential ()3.3|h various special features involving the exact solution (|3.53|) . the 
exact tension formula (j3.54|) - (|3.55|) . Lorentzian distribution of NC energy density (|3.56|) . 
tension as NC energy per unit transverse volume (J3.57)) . are collection of evidences showing 
BPS nature of the topological NC kink with non-zero thickness under the specific tachyon 
potential ()3.8|) . Even though 7~ p and T 11 are remained to be finite, T p ()3.14|) and T 11 ()3.33|) 
are vanishing due to f3 p — 0. This limit corresponds to zero thickness limit with keeping 

BPS nature. Therefore thick NC kink requires infinite T 11 with keeping T 11 = \J~~f3 p T 11 
finite. Since commutative limit in NCFT corresponds to no DBI type B pu in EFT where 
no single topological kink of this subsection exists except that with zero thickness in 
EFT jSl IZ], the thick topological NC kink cannot survive in the commutative limit. 

Comparison between the NCFT results and the BCFT results can easily be made for 
this single topological NC kink by expanding the sine function in both / ()3.45j) and / 
(|3.52|) and keeping the leading term proportional to x, i.e., sin 2 (v^Go x/V%) ~ Gqx 2 /2. 
Then the same discussion for the array of NC kink and NC antikink is still sustained for 
the single topological NC kink. 

3.3 Topological NC kink for U p (0) < and S p > 
When £ p > {T 2 < & a px > 0), we have a solution 

sinh f ?M ] = ±v/TT^ S inh (% ) . (3.58) 



R J Vc 

The obtained configuration is also a topological kink (antikink) with a finite asymptotic 
slope T'(±oo) = ±-R/C For this solution the action (|3.2(J|) per unit time and transverse 
volume is expressed by 



S 



fdtfdyi--- dy p -i 



t p \/pa-u 2 ) r dxv 2 {f{ x )) 



CO 

oo 



%\l Pp{-u 2 ) I dx 

J —oo 



1 



1 + (1 + u 2 )sinh 2 (x/C) 
2iT p RyJ a px tan -1 u . (3.59) 



Since the quantity T p is imaginary as explained in Eq. (|3.34jl . the resulting action ()3.5' 
or equivalently tension of D(p — l)-brane is real. As explained in Eq. ()3.34j1 . the quantity 
T p is imaginary but the resulting action ()3.59|) is real and is chosen to be negative, i.e., 
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T p — — i\T p \. So does NC energy density 



_ v^Gf° = it p sJp p VV 2 {f{x)) = - - _l . /U . (3.60) 



%T v \Jfi v u 2 
l + (l + u 2 )sinh : '(x/C) 



It is localized near the origin and then thin limit (T 11 ^ ) of it can smoothly be taken. 
3.4 NC bounce for < 8 P < U p {0) 

When < U p (0), a px > and then negative action per unit time and unit transverse 
volume is read from Eq. (|3.21|) 



S 

%>\/6tpx I dxV(T), 



fdtfdy 1 ---dy p _ 1 ±pV ^ x J 



where x = \J $ p /& px x. The form of action (J3.61j) of static NC kinks coincides exactly 
with that of the rolling tachyon with or without DBI type electromagnetic coupling under 
exchange of time and spatial coordinates |2*9~1 I3~2*] and, simultaneously with that of kinks 
corresponding to composite of D0F1 in the EFT [3 El- Thus, there exists a one-to-one 
correspondence between a rolling tachyon solution of time evolution in EFT and a kink 
solution with spatial distribution for < U P (Q) in NCFT. With this identification, the 
pressure — T 11 in our system corresponds to the Hamiltonian density 7i in the rolling 
tachyon system. To be specific, let us perform detailed analysis in subsections 3.4-3.6 
distinguished by the value of £ p . 

When < 4 < U p {0) {f p 2 > 0, & a px > 0), we have 

sinh I r —^- ) = ±Vu 2 - 1 cosh ( % j (3.62) 



R J \C 

which is convex up (convex down) with minimum (maximum) value T m j n = Rcosh^ 1 u 
{— T m m) and has finite asymptotic slope at infinity T'(±oo) = ±-R/C Therefore, this 
solution describes an NC bounce. 

Tension per unit transverse volume of the NC bounce is computed from the action 
(j3.61|) or the NC energy 

%-i = r dxv\f{x)) 

J — oo 

= f \l 3 u 2 ( dx - 

PV V J-oo 1 + (V? - 1) COsh 2 (x/C) 

= 2RT P ^/ a px tanh -1 ^— ^ = 2RT p ^/a px tanh -1 ^— ^ = T p _i, (3.63) 
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where we used Eq. (|3.14|) . Eqs. (|3.31j) — ()3.33|) . and the results of EFT in the last line. 
Thin limit is achieved by taking vanishing pressure, — T 11 — > 0. Then u — > oo and 

yll > Q 

the solution (J3.62)) becomes singular T(x) — > ±00 cosh(|u)|a;) in this limit, however 
this thin bounce exists in the tensionless limit {T v -\ oc tanh _1 (l/oo) — > 0) as shown in 
Eq. (H23J). 

3.5 Tensionless NC half-kink for < U p (0) and S p = U p (0) 

When £ p = U p (0) {T p 2 > & a px > 0), we have a trivial ontop solution T(0) = 
and nontrivial NC half-kink solution connecting smoothly unstable symmetric vacuum 
T(— 00) = and one of two stable broken vacua T(oo) = ±00 



sinh 



T(x) 
R 



± exp 



X — Xq 

c 



(3.64) 



where stands for location of the NC half-kink. Note that the scale factor £ ()3.36|) is 
fixed for a given R and the solution ()3.64j) does not have any free parameter for the given 
background so that thin limit of the NC half-kink cannot be taken. 

If we naively compute tension of the NC half-kink from the NC energy density, it 
includes vacuum NC energy from the unstable vacuum, proportional to dx V 2 (0). 
Therefore, it is reasonable to subtract the vacuum NC energy when its tension is com- 
puted. The formula for tension is obtained by inserting the NC half-kink solution (j3.64j) 
as given in the following: 



S 



J dt J dyi ■ ■ ■ dy p -i v J Xo 



T p \J (3 p u 2 
0. 



dx 



J-o 



1 _|_ e 2(x-x )/( 



TO 



1 



dx — 

00 1 + e 2 ( x - x °)/C 



(3.65) 



Amazing enough, the NC half-kink is identified as a candidate of tensionless half-brane 
(D^-brane) with thickness due to nonvanishing pressure, — T 11 . Thus, by an arbitrarily 
small perturbation, the zero mode xq may start to move to the true vacuum by transferring 
vacuum energy of the unstable vacuum to its kinetic energy. 



20 



3.6 Hybrid of two NC half-kinks for < U p (0) < S p 

When < U p (0) < S p (T p 2 > & a px > 0), we have a monotonically increasing (decreas- 
ing) solution from T(— oo) = — oo (+oo) to T(oo) = +oo (— oo) 

sinh ( ^ ] = ±Vl^ sinh (^] . (3.66) 



R J VC 

This configuration can be regarded as a hybrid of two half-kinks joined at the origin. 

Since reality condition of the solution (J3.66j) does not allow the limit of u — > oo, thin 
limit cannot be taken despite of its localized NC energy density 

1 

1 + (1 - u 2 ) sinh z (a;/C) 



V^GT\ = _ . _ iU . (3.67) 



Integration of the NC energy density ()3.67|) gives tension of the hybrid of two D^-branes 
f p J j3 p u 2 I dxV 2 {T(x)) = 2RT P ^J a px tanh -1 u = 2RT py /a px tanh -1 u. (3.68) 

J —oo 

We obtained three types of NC kinks for p > 2 through subsections 3.4-3.6, which are 
closely related with those obtained in EFT of a real tachyon coupled to U(l) gauge field [3 
ITS] . As those solutions are not supported in EFT without DBI type electromagnetism, 
the obtained solutions do not exist in commutative limit (lims Q 9^ v — > 0). 

Various other actions of the NC tachyons have been proposed [121 HU E2], so that 
comparison between the NC kink solutions obtained in this paper and those from the 
other NC tachyon actions deserves to be analyzed but the previous discussion in Ref. 
seems enough for our cases. 



4 NC Tachyon Kinks with NC U(l) Gauge Field 

In the previous section we obtained all possible regular static NC kink configurations 
representing flat D(p — l)-branes from an unstable flat Dp-brane in the background of 
constant NS-NS two-form field. Naturally such unstable Dp-brane couples to DBI type 
U(l) gauge field so that, in EFT, B^ v is replaced by + F^ v which is invariant under 
gauge transformation of NS-NS two form field on the brane. Therefore, as far as the 
field strength F^ v is constant, nothing is changed for spectrum of the NC kinks under an 
identification of B^ v + as the gauge invariant two-form field. In fact, even if B^ v is 
constant, the field strength F^ u needs not to be constant but has complicated functional 
dependence of the coordinates in EFT. In the context of NCFT, the closed string metric 
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T] uu and NS-NS two-form field B pv are replaced by the open string metric ()3.11|) and 
NC parameter Q^ v (|3.12|) . and then the field strength is given by the NC field strength 
F^y. In this section let us include the NC gauge field resulting in 

F^(x) = d^A u - d v A u - i[A a , A v ]*, (4.1) 

where single re-dependence is consistent with flatness of co dimension-one D-brane and 
the assumption on the NC tachyon field f)3.18j) . Here the NC commutator in Eq. (j4.1j) is 
defined by 

[A,B], = A*B-B*A. (4.2) 
Let us begin with the following action 20| similar to Eq. ()3.13j) 
1 



c _ P 



d p+1 x 



V(T)* y-X* + >J-X**V{T) 



where the determinant Xp involves F^ v as 



X* = det. 



G, 



where NC covariant derivative is 

D 



D U T * D U T + D V T * D U T 



da — iyAui ]*■ 



(4.3) 



(4.4) 



(4.5) 



When the tachyon effective action (j3-H) was derived and the equivalence between 
DBI action and NCFT action was verified j^j, the condition of slowly varying fields was 
assumed for both the tachyon field as d^D v T and the gauge field as d^F yp = 0. Therefore, 
we can employ a rather simple form of the NC action j20j connected smoothly to the DBI 
type NC action by Seiberg-Witten [H] 



St 



d p+1 x 



V(T)J-X P + Q(dF, dDT) 



(4.6) 



where 



Xi 



. , - det(G^ + F^ + D^TDJT). (4.7) 

In addition we will show that the kink configurations from Eq. ()4.6|) are exactly the same 
as those from Eq. (J4.3|) . which is likely to support a kind of universality. 
NC tachyon equation and NC gauge equation from the action (|4.6|) are 

( V(f) 



D 



C^D U T 






f dV{f) 


)- 


R 2 df 



-X = 0, 



T 



V(f) 



C^ u D u f 



(4.8) 
(4.9) 



22 



where C^ u and are symmetric and antisymmetric parts of cofactors, respectively 
Or some of the equations of motion can be replaced by conservation of NC energy- 
momentum [3*3*] 

= (4.10) 

for calculational simplicity. 

Since we assumed x-dependence to both the NC tachyon field ()3.18j) and the NC field 
strength tensor (|4.1|) . difficulty of solving the equations of motion ()4.8|) - (j4.9|) with Bianchi 
identity for the NC gauge field 



D»F VI > + D v F m + DpF^ = (4.11) 

is significantly reduced. The simplest case is p — 1 where the Bianchi identity ()4.11|) 
becomes trivial, so analysis was made and results were obtained, which are consistent 
with those of EFT [20J. From now on let us tackle the case of D2-brane (p = 2) on which 
dynamics of the U(l) gauge field is expected to be much more complicated due to three 
components of electromagnetic field strength tensor and three NC parameters. 

For a flat D2-brane, the closed string metric is = rj^ and we set components of 
the NS-NS two-form field as 

B i = Ek, B 02 = E 2 , B 12 = B, with E 2 = E\ + E 2 , (4.12) 

and then the open string metric and the NC parameter 9^ u are determined by 
Eq. (dHH) and Eq. (l3*"T*"j) . respectively; 

Gqq = —(1 — E 2 ), G i = E 2 B, G 02 = —E 1 B, 

Gn = 1-E 2 + B 2 , G l2 = -E l E 2 , G 22 = 1 - El + B 2 , (4.13) 

and 

nOl El n02 _ ^2 g!2 _ ~^ (Aid) 

l-E 2 + 5 2 ' l-E 2 + £? 2 ' l-E 2 + 5 2 ' 1 ' 

From the relation ()3.14j) we have 

Gs = (-G) 1/A g s = Vl - E 2 + 5 2 g s , f 2 = (-G)~ x/i T 2 = g. (4.15) 

Vl - E 2 + B 2 

Since we are interested in obtaining flat Dl-branes or D1F1 composites from the flat 
unstable D2-brane, all the NC fields of our consideration depend on ^-coordinate but do 
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Fqi = 




= Ml 


-Mo 


-i[A , Ai], 


F02 = 


E2 


= M2 


- Mo 


- z[A , A 2 ]* 


^12 = 


E 5 


= Ma 


-Mi 


-i[ii,i 2 ]* 



not depend on y-coordinate as given in Eq. f)3.18j) and Eq. (|4.1|) . Suppose we choose a 
noncovariant gauge for the NC U(l) gauge field as 

e^Ap = 0, (4.16) 

where the time component A is expressed in terms of A 2 . Inserting this into the NC field 
strength tensor F^ u , we obtain 

^M 2 + ^[i 2 ,ii]*, (4.17) 

^M 2 , (4.18) 

(4.19) 

Eliminating the commutator term in Eq. (|4.17|) and Eq. ()4.19|) . we have two first-order 
equations of A 1 and A 2 in t and y, i.e., they are Eq. (|4.18|) and 

(e w d + e 12 d 2 )A l = e^E^-e^B^x). (4.20) 

Their general solutions are 

e 1 

-§m h elh + (! - + !h(x), (4.21) 

A 2 = ^[c,9 12 t + {l~c,)9 1G y]E 2 {x)+g 2 {x), (4.22) 

where qs {i = 1,2,3) are arbitrary constants and gi(x)s (i = 1,2) are arbitrary real 
functions of x-coordinate. Substituting A\ and A 2 into Eq. (|4.19j) . we have from the 
terms proportional to 9 20 

c\ = c 2 = c 3 = c. (4.23) 
The gauge fixing condition ()4.16|) gives an expression of A Q ; 

A ° = 

= -^[^ 12 t + (l-c)^]E 2 (x)-^ 2 (x). (4.24) 

Substituting the NC gauge field flOD-flOU) and its field strength (j4~T|) into the Bianchi 
identity (|4.11jl . we notice disappearance of arbitrariness 

(1 - 9 W E X + 9 12 B)E' 2 - E 2 (-9 10 E[ + 9 l2 B') = 0, (4.25) 



Ai = [c^H + (l - Cl )9 10 y] E^x) 
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which implies that c and g>j are remnants of gauge artifacts. Since Eq. ()4.25|) results in an 
algebraic relation among NC parameters and NC field strength tensor 



1 - 9 W E 1 + 9 U B = c A E- 



2; 



(4.26) 



again the NC gauge field (02]}-(g23> is inserted into Eq. (ETT91 or Eq. (HTTTIt . Then, with 
the help of the Bianchi identity ()4.26|) . the arbitrary constants, c and c 4 , and arbitrary 
functions gi(x)s should satisfy a constraint equation 



c(l - c 4 E 2 ) - 9 W E 1 + 9 12 c 4 E 2 g' 2 + fl 1 ^ 12 ^ = 0. 



(4.27) 



Since the NC tachyon field depends only on x-coordinate as given in Eq. (j3.18|) and 
covariant derivative of the NC tachyon is expressed in terms of constant (NC) parameters 
and E 2 as 

D,f = E 2 (5, d 12 + c^c 4 - 5, 2 6 10 ) f ', (4.28) 
every star product between two NC tachyon fields is replaced by an ordinary product 

f*f = f 2 , b„t * b v f = b^fbjt. (4.29) 

Here we easily notice that a set of constant NC field strength tensor, [E\, E 2 ,B), is a 
solution of the NC Bianchi identity ([4.25)1 . In order to show that the constant NC field 
strength tensor is unique solution of the NC equations of motion ()4.8|) - (j4.9|) under the 
ansatz ()3.18|) and (|4.1|) . let us consider the conservation of NC energy- momentum ()4.1U|) . 



giving 



bpf* 1 
b^ 2 



-y/^GE 2 B'^f + oj j = 0, 
V^GE 2 E' 2 ^ + W17 = 0, 
-\Z^GE 2 E' 1 A f + a>27 =0, 



where we set 



and uq, u>i, and u 2 are 



7 



T 2 V 



(4.30) 
(4.31) 
(4.32) 

(4.33) 



0J 2 



B + E\B + E 2 B(1 - E 2 + B 2 ) c 4 + (1 + B 2 )B 



E, 



E 2 - E\E 2 + E 2 B 2 - (1 - E 2 )(l — E 2 + B 2 ) c 4 



E- 



2- 



-Ex- E X E 2 {\ - E 2 + B 2 ) c 4 - E X B 2 - (1 - E\)E X E 2 . (4.34) 
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We multiply some coefficients to Eqs. ()4.30|) — f)4.32|) and add all of them. Then we obtain 



-9 10 D^T^ 2 



f - 6 W E 1 + 6 12 B 



D^ 1 



1 - 9 W E 1 + 9 12 B)E' 2 - E 2 (-9 W E[ + 6 12 B') 



7 + e7 



= £7, 
where e is defined by 

e = -0 lo u; 2 + 9 12 u + 



(4.35) 



f - 9 W E 1 + # i2 5 



E> 



1 - E 2 + B 2 



1 - 2£ 2 + E{ - £ 2 - 2£ 1 2 J B Z 



B 4 



_(1 — E 2 + 5 2 ) c A \2ElE 2 - (1 - £f)(l - E 2 + 5 2 )c 4 jj , (4.36) 

and, in the last line ()4.35|) . we used the Bianchi identity ()4.25|) . Only trivial solutions 
are provided by e = 0, and then equation of constant 7 should be examined for non- 
trivial NC tachyon solutions. Once 7 is constant, Eqs. ()4.3()j) - (j4.32j) force constant NC 
electromagnetic field as follows 

E 2 B E\E 2 E 2 E^ 



7 



0. 



(4.37) 

UJq UJi to 2 7 

Therefore, the solution of constant 7 and constant NC electromagnetic field F^ v is unique 
solution of the Bianchi identity (J4.25|) and the conservation of NC energy-momentum 
tensor ()4.30|) - ()4.32|) . If we insert this constant solution into the equations of NC tachyon 
f)4.8|) and NC gauge field ()4.9|) . it automatically satisfies the equations. 

The only nontrivial equation to be solved now is that of constant 7 ()4.33|) . In order 
to use the results of the previous section, let us compute the determinant in Eq. (|4.33j) . 
Though every component of X^ u contains the term of T' 2 , all the quartic terms T' 4 and 
sixth-order terms T' 6 vanish but constant and quadratic terms survive 

G, v + F^ + E 2 (6, 9 12 + <Vi c 4 - 5, 2 6 10 )(5 u0 6 12 + S ul c 4 * " >u 

-F 



Xr 



fill 



~-Fn v =0 



= -det 

= -dct(6v- ./■;,-/) - ("'" v 

= ftp -apt 2 , 
where (3p = det(G M y + F^ v ) and explicit form of ap is 

(G11G22 — G 2 l2 + F 2 2 )(9 12 ) 2 + (G 00 G 22 — + Fq 2 )c 
+(G 00 Gu — Gqi + -^o 2 i)(^ 01 ) 2 ~ 2(G 01 G 2 2 + G 02 Gi 2 — F 02 F 12 )c i 6 



6„ 2 6 W )T 



(4.38) 
(4.39) 



a 



"12 



(4.40) 



2(GoiCi2 + GnG'02 + -^01-^12)$ 9 — 2(GooGi2 — GqiGq 2 + -foi-^02)^ C4 



E 2 2 . 
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For Xp U \ G v= p v=0 in Eq. ()4.38|h we pretended F^ = for convenience but actually E 2 (= 
F02) 7^ 0. Then the equation of constant 7 ()4.33|) is rewritten in a form of conservation of 
mechanical energy Sp of a unit-mass particle in 1-dimensional motion, of which coordinate 
is T, time x, and potential U p 

g p (f) = ±f' 2 + Up(T), (4.41) 

where 

e A f) = U P (t) = ^ftW (4^42) 

Eq. (|4.41|) is formally the same first-order equation as Eq. ()3.23j) . At the beginning we 
had six free parameters, namely, three NC parameters (8 m ,6 02 , 6 12 ) (or equivalently con- 
stant background NS-NS 2- form field (Ei, E 2 ,B)) and three constant NC electromagnetic 
field (Ei, E 2 , B), and an integration constant 7, however general NC kink solutions of 
Eq. ()4.41|) are classified by two parameters £p and Up(T = 0). Therefore, the analysis in 
the previous section is applicable exactly in the same manner. As far as we have runaway 
NC tachyon potential (|3.3|) . we obtain six types of NC kink solutions and exact solutions 
for the 1/ cosh-potential ()3.8|) as shown in Table 1 and Eq. ()3.9|) . Here we do not repeat 
the same detailed analysis. 

Since antisymmetric part of the cofactor of X^ v does not vanish, conjugate mo- 
mentum IT = 'yCp of the NC gauge field F^ also does not vanish 

n x = 7Cf A = j{G 20 B-G 21 E 2 + G 22 E 1 -9 m E 2 2 f' 2 ), (4.43) 
n 2 =7Cf A = l(-G 10 B-G lx E 2 -G 12 E 1 + ^E 2 2 f' 2 ) 1 (4.44) 

where constant 7 is given in Eq. (|4.33J) . Both fl 1 and fl 2 involve localized piece pro- 
portional to T' 2 near the position of Dl-brane x = in addition to constant part. The 
constant part can be interpreted as constant Fl fluid density |3H EH3 EE| and the local- 
ized piece stands for confined Fl along Dl [71 Therefore, the obtained objects are 
identified with D1F1 bound in the background of constantly distributed Fls, i.e., they 
are array of D1F1-D1F1, single D1F1, half-DFl, and their composites. 

When the DBI type NC electromagnetic field is added, the resultant NC action (J4.3|) is 
proven to be equivalent to that of commutative EFT only up to the leading NC parameter 
0(9^ v ) [20]. A noteworthy observation of this section is the fact that spectrum of the NC 
kinks qualitatively coincides with that of commutative EFT. So it might be intriguing to 
study the relation between the NCFT action and the commutative EFT action further. 
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5 Summary and Discussion 



In this paper we considered kink (domain wall) solutions in various NCFTs. For the NCFT 
of a real scalar field in flat metric, we showed that all the kink solutions in ordinary scalar 
field theory with quadratic derivative term and polynomial scalar potential become NC 
kink solutions in NCFT. In 4 -theory the obtained decent relation, given by the ratio 
between the local maximum of the potential and energy of the NC kink, has about 20% 
difference in its coefficient from that of string theory. 

We studied DBI type effective action of tachyon field with constant open string metric 
and NC parameter, and obtained all possible static NC kink solutions classified by array 
of NC kink-antikink, BPS or non-BPS single topological NC kink, tensionless NC half- 
kink, NC bounce, and hybrid of two half-kinks. For specific 1/ cosh type NC tachyon 
potential, those are given by exact solutions and subsequently decent relation between 
tension of an unstable Dp-brane and stable D(p — l)-brane is also reproduced in the 
same as that of EFT and BCFT, which supports identification of the unit NC kink as a 
stable codimension-one D-brane. When DBI type U(l) NC gauge field is turned on on 
an unstable D2-brane, gauge equation and NC Bianchi identity dictate that every field 
strength component should be constant. Therefore, forms of the obtained solutions are 
the same as those without the NC gauge field, but they carry Fl charge localized on the 
codimension-one D-brane. Extension to the case of arbitrary p is extremely complicated 
but is likely to result in the same constant field strength of NC gauge field. 

UV-IR mixing is a representative property in NCFT [21] and it is realized in GMS 
solitons 13 , however it needs further study to answer the question whether or not NC 
tachyon kinks share such property. We obtained all possible kinks interpreted as flat 
codimension-one branes, and NC tachyon tubes from tachyon tubes [3B] are worth being 
reproduced as for thin objects [37]. Since NCFT is an effective theory, it is definitely 
intriguing that we obtain those configurations in the context of (boundary) string field 
theory [3§] . 

Acknowledgments 

The authors would like to thank D. Bak, R. Banerjee, C. Kim for helpful discussions and 
A. Sen for valuable suggestion. This work is the result of research activities (Astrophysical 
Research Center for the Structure and Evolution of the Cosmos (ARCSEC)) supported 
by Korea Science & Engineering Foundation. 



28 



References 



[1] For review, see A. Sen, "Tachyon dynamics in open string theory," 
arXiv:hep-th/0410103, and references therein. 

[2] A. Sen, "Rolling tachyon," JHEP 0204, 048 (2002) |arXiv:hep-th/0203211| ; 
A. Sen, "Tachyon matter," JHEP 0207, 065 (2002) |arX iv:hep-th/0203265| . 

[3] A. Sen, "Field theory of tachyon matter," Mod. Phys. Lett. A 17, 1797 (2002) 
|arXiv:hep-th/0204143| . 

[4] J. M. Cline, H. Firouzjahi and P. Martineau, "Reheating from tachyon condensation," 
JHEP 0211, 041 (2002) |arXiv:hep-th/0207156| ; 

G. N. Felder, L. Kofman and A. Starobinsky, "Caustics in tachyon matter and other 
Born-Infeld scalars," JHEP 0209, 026 (2002) | |arXiv:hep-th/0208019| ; 

G. N. Felder and L. Kofman, "Inhomogeneous fragmentation of the rolling tachyon," 
Phys. Rev. D 70, 046004 (2004) larXiv:hep-th/0403073| ; 

N. Barnaby, "Caustic formation in tachyon effective field theories," JHEP 0407, 025 
(2004) |arXiv:hep-th/0406120 . 



[5] N. Lambert, H. Liu and J. Maldacena, "Closed strings from decaying D-branes," 
|arXiv:hep-th/0303139 



[6] J. Kluson, "D-brane effective actions and particle production near the beginning of 
the tachyon condensation," JHEP 0401, 019 (2004) |arXiv:hep-th/0312086| . 

[7] C. Kim, Y. Kim and C. O. Lee, "Tachyon kinks," JHEP 0305, 020 (2003) 
|arXiv:hep-th/0304180| . 

[8] A. Sen, "Open and closed strings from unstable D-branes," Phys. Rev. D 68, 106003 
(2003) |arXiv:hep-th/0305011 . 



[9] N. Seiberg and E. Witten, "String theory and noncommutative geometry," JHEP 
9909, 032 (1999) |arXiv:hep-th/9908142| . 

[10] K. Dasgupta, S. Mukhi and G. Rajesh, "Noncommutative tachyons," JHEP 0006, 
022 (2000) |arXiv:hep-th70005006 . 



29 



[11] J. A. Harvey, P. Kraus, F. Larsen and E. J. Martinec, "D-branes and strings as 
non-commutative solitons," JHEP 0007, 042 (2000) |arXiv:hep-th/0005031| ; 

M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, "Unstable solitons in 
noncommutative gauge theory," JHEP 0104, 001 (2001) [ |arXiv:hep-th/0009142| ; 

P. Kraus, A. Rajaraman and S. H. Shenker, "Tachyon condensation in noncommu- 
tative gauge theory," Nucl. Phys. B 598, 169 (2001) arXiv:hep-th/0010016| ; 

G. Mandal and S. R. Wadia, "Matrix model, noncommutative gauge theory and the 
tachyon potential," Nucl. Phys. B 599, 137 (2001) |arXiv:hep-th/0011094| . 

[12] R. Gopakumar, S. Minwalla and A. Strominger, "Symmetry restoration and tachyon 
condensation in open string theory," JHEP 0104, 018 (2001) |arXiv:hep-th/0007226| ; 

N. Seiberg, "A note on background independence in noncommutative gauge 
theories, matrix model and tachyon condensation," JHEP 0009, 003 (2000) 
|arXiv:h"ip^th /00080i3|; 

Y. Hikida, M. Nozaki and T. Takayanagi, "Tachyon condensation on fuzzy sphere and 
noncommutative solitons," Nucl. Phys. B 595, 319 (2001) |arXiv:hep-th/0008023| ; 

J. A. Harvey and G. W. Moore, "Noncommutative tachyons and K-theory," J. Math. 
Phys. 42, 2765 (2001) |a rXiv:hep-th/0009030| ; 

A. Sen, "Some issues in non-commutative tachyon condensation," JHEP 0011, 035 
(2000) |arXiv:hep-th/0009038| . 

[13] R. Gopakumar, S. Minwalla and A. Strominger, "Noncommutative solitons," JHEP 
0005, 020 (2000) |arXiv:hep-th/0003160| . 

[14] A. P. Polychronakos, "Flux tube solutions in noncommutative gauge theories," Phys. 
Lett. B 495, 407 (2000) |arXiv:hep-th/0007043| ; 

D. P. Jatkar, G. Mandal and S. R. Wadia, "Nielsen-Olesen vortices in noncommuta- 
tive Abelian Higgs model," JHEP 0009, 018 (2000) |arXiv:hep-th/0007078| ; 

D. Bak, "Exact multi- vortex solutions in noncommutative Abelian-Higgs theory," 
Phys. Lett. B 495, 251 (2000) |arXiv:hep-th/0008204| ; 

D. Bak, K. M. Lee and J. H. Park, "Noncommutative vortex solitons," Phys. Rev. 
D 63, 125010 (2001) |arXiv:hep-th/0011099| ; 

G. S. Lozano, E. F. Moreno and F. A. Schaposnik, "Nielsen-Olesen vortices in non- 
commutative space," Phys. Lett. B 504, 117 (2001) larXiv:hep-th/0011205| ; 



30 



G. S. Lozano, E. F. Moreno and F. A. Schaposnik, "Self-dual Cher n- Simons solitons 
in noncommutative space," JHEP 0102, 036 (2001) |arXiv:hep-th/0012266 ; 



Y. Kiem, C. Kim and Y. Kim, "Noncommutative Q-balls," Phys. Lett. B 507, 207 
(2001) |arXiv:hep-th/0102160| . 

[15] P. Mukhopadhyay and A. Sen, "Decay of unstable D-branes with electric field," 
JHEP 0211, 047 (2002) |arXiv:hep-th/0208142| . 

[16] A. Sen, "Dirac-Born-Infeld action on the tachyon kink and vortex," Phys. Rev. D 
68, 066008 (2003) |arXiv:hep-th/0303057| . 

[17] P. Brax, J. Mourad and D. A. Steer, "Tachyon kinks on non BPS D-branes," Phys. 
Lett. B 575, 115 (2003) |arXiv:hep-th/0304197| . 

[18] C. Kim, Y. Kim, O-K. Kwon and C. O. Lee, "Tachyon kinks on unstable Dp-branes," 
JHEP 0311, 034 (2003) |arXiv:hep-th/0305092 . 



[19] A. Sen, "Moduli space of unstable D-branes on a circle of critical radius," JHEP 
0403, 070 (2004) |arXiv:hep-th/0312003| . 

[20] R. Banerjee, Y. Kim and O-K. Kwon, "Noncommutative tachyon kinks as D(p - 
l)-branes from unstable Dp-brane," arXiv:hep-th/0407229 

[21] S. Minwalla, M. Van Raamsdonk and N. Seiberg, "Noncommutative perturbative 
dynamics," JHEP 0002, 020 (2000) larXiv:hep-th/9912072| ; 

M. Van Raamsdonk and N. Seiberg, "Comments on noncommutative perturbative 
dynamics," JHEP 0003, 035 (2000) |arXiv:hep-th/0002186| . 

[22] A. Sen, "Descent relations among bosonic D-branes," Int. J. Mod. Phys. A 14, 4061 



(1999) arXiv:hep-th/9902105 . 

[23] A. Sen, "Supersymmetric world-volume action for non-BPS D-branes," JHEP 9910, 
008 (1999) |arXiv:hep-th/9909062| . 

[24] A. A. Gerasimov and S. L. Shatashvili, "On exact tachyon potential in open string 
field theory," JHEP 0010, 034 (2000) |arXiv:hep-th/0009103| ; 

D. Kutasov, M. Marino and G. W. Moore, "Some exact results on tachyon conden- 



sation in string field theory," JHEP 0010, 045 (2000) |arXiv:hep- th/0009148|; 

D. Kutasov, M. Marino and G. W. Moore, "Remarks on tachyon condensation in 
superstring field theory," arXiv:hep-th/0010108, 



31 



[25] J. A. Minahan and B. Zwiebach, "Effective tachyon dynamics in superstring theory," 
JHEP 0103, 038 (2001) |arXi v:hep-th/0009246| . 

[26] D. Ghoshal and A. Sen, "Tachyon condensation and brane descent relations in p-adic 
string theory," Nucl. Phys. B 584, 300 (2000) |arXiv:hep-th/0003278| . 

[27] M. R. Garousi, "Tachyon couplings on non-BPS D-branes and Dirac-Born-Infeld 
action," Nucl. Phys. B 584, 284 (2000) | arXiv:hep-th/0003122| ; 

E. A. Bergshoeff, M. de Roo, T. C. de Wit, E. Eyras and S. Panda, "T-duality and 
actions for non-BPS D-branes," JHEP 0005, 009 (2000) [ arXiv:hep- th/00032"2"T]; 

J. Kluson, "Proposal for non-BPS D-brane action," Phys. Rev. D 62, 126003 (2000) 
|arXiv:hep-th/0004106| . 

[28] A. Buchel, P. Langfelder and J. Walcher, "Does the tachyon matter?," Annals Phys. 
302, 78 (2002) |arXiv:hep-th/0207235| . 

[29] C. Kim, H. B. Kim, Y. Kim and O-K. Kwon, "Electromagnetic string fluid in rolling 
tachyon," JHEP 0303, 008 (2003) |arXiv:hep-th/0301076| ; 

C. Kim, H. B. Kim, Y. Kim and O-K. Kwon, "Cosmology of rolling tachyon," pro- 
ceedings of PAC Memorial Symposium on Theoretical Physics, pp. 209-239 (Chung- 
bum Publishing House, Seoul, 2003), |a?Xw:hep-th/030lT42l 

[30] F. Leblond and A. W. Peet, "SD-brane gravity fields and rolling tachyons," JHEP 
0304, 048 (2003) |arXiv:hep-th/0303035| . 

[31] D. Kutasov and V. Niarchos, "Tachyon effective actions in open string theory," Nucl. 
Phys. B 666, 56 (2003) |arXiv:hep-th/0304045| . 

[32] C. Kim, H. B. Kim, Y. Kim, O. K. Kwon and C. O. Lee, "Unstable D-branes and 
string cosmology," arXiv:hep-th/0404242 



[33] R. Banerjee, C. Lee and H. S. Yang, "Seiberg-Witten-type maps for cur- 
rents and energy-momentum tensors in noncommutative gauge theories," 
|arXiv:hep-th/0312103 



[34] G. W. Gibbons, K. Hori and P. Yi, "String fluid from unstable D-branes," Nucl. 
Phys. B 596, 136 (2001) |arXiv:hep-th7000906l]. 



32 



[35] G. Gibbons, K. Hashimoto and P. Yi, "Tachyon condensates, Carrollian con- 
traction of Lorentz group, and fundamental strings," JHEP 0209, 061 (2002) 
|arXiv:hep-th/0209034| . 

[36] O-K. Kwon and P. Yi, "String fluid, tachyon matter, and domain walls," JHEP 0309, 
003 (2003) larXiv:hep-th/0305229| . 

[37] K. Hashimoto and T. Hirayama, "Branes and BPS configurations of non- 
commutative / commutative gauge theories," Nucl. Phys. B 587, 207 (2000) 
|arXiv:hep-th/0002090| ; 

J. L. Karczmarek and C. G. Callan, "Tilting the noncommutative bion," JHEP 0205, 
038 (2002) larXiv:hep-th/0111133| . 

[38] C. Kim, Y. Kim, O-K. Kwon and P. Yi, "Tachyon tube and supertube," JHEP 0309, 
042 (2003) |arXiv:hep-th/0307184| ; 

C. Kim, Y. Kim and O. K. Kwon, "Tubular D-branes in Salam-Sezgin model," JHEP 
0405, 020 (2004) |arXiv:hep-th/0404163| ; 

W. H. Huang, "Tachyon tube on non BPS D-branes," JHEP 0408, 060 (2004) 
|arXiv:hep-th/040708"T| ; 

W. H. Huang, "Tubular solutions of Dirac-Born-Infeld action on Dp-brane back- 
ground," |arXiv:hep-th/0408213| 

[39] E. Witten, "Noncommutative tachyons and string field theory," 
|arXiv:hep-th/000607l 

L. Cornalba, "Tachyon condensation in large magnetic fields with background inde- 
pendent string field theory," Phys. Lett. B 504, 55 (2001) |arX iv:hep-th/0010021| ; 

K. Okuyama, "Noncommutative tachyon from background independent open string 
field theory," Phys. Lett. B 499, 167 (2001) |arXiv:hep-th/0010028 . 



33 



